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An effective texture is presented for six Majorana neutrinos, three active and three 
(conventional) sterile, based on a 6x6 mass matrix, whose 3x3 active-sterile component 



> 

(i.e., Dirac component) is conjectured to get a fermion universal form similar to the 



constructed previously 3x3 mass matrix for charged leptons and 3x3 mass matrices for 
up and down quarks. This is true, however, when the bimaximal mixing, specific for 



neutrinos, is transformed out unitarily from the neutrino mass matrix. The 3x3 active- 



Qh! active component (i.e., lefthanded component) of neutrino 6x6 mass matrix is diagonal 
CD 

and gets degenerate entries. It dominates over the whole neutrino mass matrix. In such 
a texture, three neutrino masses are nearly degenerate, mi ~ m 2 — m 3 , but their mass- 
squared differences appear hierarchical, Am^ <C Am| 2 ~ Am^, while the remaining 
three neutrino masses can be constructed to vanish, m 4 = m 5 = m 6 = 0, in contrast to 
the familiar seesaw mechanism. 
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1. Introduction 

As is well known, three Dirac neutrinos are = v a L+v a R (ot = e , \i , r), while three 
Majorana active neutrinos and three Majorana (conventional) sterile neutrinos become 
= "aL + {y aL f and v<£> = u aR + {u aR ) c (a = e, fj, , r), respectively. The neutrino 
mass term in the Lagrangian gets generically the form 




If M^q and M^g are not all zero, then in nature there are realized six Majorana neutrino 
mass fields vi or states |z/j) (i = 1, 2, 3, 4, 5, 6) connected with six Majorana neutrino flavor 
fields v a or states \u a ) (a — e , /i , r , e s , /i s , r s ) through the unitary transformation 

v o. = ^U ai Ui or \v a ) = J2 U aiWi) , ( 2 ) 

i i 

where we passed to the notation u a = and u as = v$ for a = e , fj, , r. Of course, 
= ^aL, = Kl) c and z/ asfi = u ( a s) R = v aR , u asL = = {v aR ) c for a = e , n , r. 
Thus, the neutrino 6x6 mass matrix M = {M a p) (a, (5 = e , /i , r , e s , fi s , r s ) is of the 
form 

= ( M(-)t M<*> j • (3) 
The neutrino 6x6 mixing matrix C/ = (C/ a j) (i = 1, 2, 3, 4, 5, 6) appearing in Eqs. (2) 
is, at the same time, the unitary 6x6 diagonalizing matrix, 

if* MU = M d = diag(mi , m 2 , m 3 , m 4 , m 5 , m 6 ) , (4) 

if the representation is used, where the charged-lepton 3x3 mass matrix is diagonal. This 
will be assumed henceforth. 

2. Model of neutrino texture 

In this paper we study the model of neutrino texture, where the 3x3 submatrices in 
Eq. (3) are 
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(5) 



with m > being a mass scale and ty (r/ = 14 , 25 , 36) denoting three dimensionless 
parameters. 

One can show that the unitary diagonalizing matrix U for the mass matrix M defined 
in Eqs. (3) and (5) is of the form 



where 
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and 



(8) 



with Sjj = sin^j and Cy = cos^-, so that ty 
diagonalizing matrix leads to the mass spectrum 



= tan 9ij (ij = 14 , 25 , 36) . Such a 



mi —m(l + t\^j , m± = , 
m 2 = m (l + t^) , m 5 = , 
m 3 = m (l + t|e) , m 6 = 



(9) 



which can be described equivalently by the equalities 



c] 4 mi = cl 5 rri2 = cl 6 ms = m , m 4 = m 5 = m 6 = 



(10) 
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The easiest way to prove this theorem is to start with the diagonalizing matrix U given 

in Eqs. (6) and (7), and then to construct the mass matrix M defined in Eqs. (3) and 

(5) by making use of the formula M a/3 = ^iUairriiU^ , where the mass spectrum (9) or 

(10) is to be taken into account. 

We can see from Eqs. (5), (6) and (7) that our neutrino texture corresponds to the 

mixing angles giving c i2 = l/y/2 = Si 2 , c 23 = l/y/2 = s 2 3 and c 13 — 1, «i 3 = 0, while 

Cij , Sij (ij = 14 , 25 , 36) are to be determined from the experiment. 

In this neutrino texture, where the mass matrix M is given in Eqs. (3) and (5), an 

o 

interesting role is played by the unitarily transformed mass matrix M defined as 

M = U ] MU- (11) 

Then, writing 
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= (u^Mu) (R) = M (i?) . (13) 



o . . o 
Thus, the Dirac 3x3 component M\ ' of the mass matrix M (transformed unitarily from 

l 

M by means of the factor JJ of the mixing matrix U) becomes diagonal and so, may get a 

hierarchical structure similar to the Dirac mass matrices for charged leptons and quarks, 

l 

all dominated by their diagonal parts. The transforming factor JJ given in Eq. (6) works 
effectively thanks to its 3 x 3 submatrix that is just the familiar bimaximal mixing 
matrix [1], specific for neutrinos, describing satisfactorily the observed oscillations of solar 
z/ e 's and atmospheric z/^'s. Note that 
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(14) 



1 

U MU = Md = M d = diag(mi , m 2 , m 3 , m 4 , m 5 , m 6 ) , 

0/0 

where the factor U of the mixing matrix U is defined in Eq. (6). Here, M = [Mi 

U = (Uij^J and U = (ila^j, as M = (M Qj9 ) and U = (U ai ). With the use of M given 
in Eq. (11) the neutrino mass term (1) in the Lagrangian can be written as — £ mass = 

1 i ~0 o 1 o 

2 Ea/3 v a M a pVp = 2 Eij "iMijVj, where i/ Q = Ei ^m^i = Ej C/m ^i, but Ej C/ij^j are 

not neutrino mass fields, in contrast to Vi. in fact, M|^«) = mj|^), while M|z/j) = m^Vi) 
o 

( M being a unitary transform of the full neutrino mass matrix M). 

o o 
Specifically, the Dirac 3x3 component M ( ' of the neutrino mass matrix M (where 

the bimaximal mixing characteristic for neutrinos is transformed out unitarily) may be 

conjectured in a fermion universal form that was shown to work very well for the mass 

matrix of charged leptons [2] and neatly for mass matrices of up and down quarks [3] 

(obviously, in those three cases of charged fundamental fermions there exist only Dirac- 

type mass matrices). Then, for neutrinos we get [4] 



M {D) = - 
29 



( lie 2a 

2a 4^(80 + 5)79 



(15) 



V 8V%a 24/i (624 + e)/25 J 
where \i > , a > and e > are some neutrino parameters. Since already for 
charged leptons = 0.172329 is small [2], we will put for neutrinos e — > 0. We will 
also conjecture that for neutrinos a//i is negligible, as for charged leptons the small 



a 



0.023lo;o25 [2] gives the prediction m T 



m 



cxp 



1777.03±g;|g MeV [5] when 



m e = m^ p and m M 



m 



cxp 



are used as inputs, while with (a^/fi^A = the prediction 



becomes m T = 1776.80 MeV. In such a case, from Eqs. (13) and (15) we can conclude 
that 



o n „ o n 4 • 80 , rtn o p: 24 • 624 

mt\A = — e — * , mtoz — = 1.23 u , mk = 

29 29 9 P 29 25 



20.7/i (16) 



in Eqs. (5), (8) and (9), and 
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c 14 — ► 1 , C 2 5 — , , C 36 — . , 

VI + 1.50 (/i/m) 2 V 1 + 427 (/i/m) 2 

1.23 /i/m 20.7 /x/m 

si4 -> , s 25 = ^ == , s 36 = , ^ = (17) 

Vl + l-50(/x/m) 2 V 1 + 427 (/i/m) 2 

in Eqs. (7) and (8). Hence, from Eqs. (9) and (16) 

2 2 

mi^m,m 2 = m4- 1.50^- , m 3 = m + 427^- . (18) 

m m 

3. Neutrino oscillations 

Accepting the formulae (16) and making tentatively the conjecture that /i < m, we can 
operate with the approximation, where < tij C 1 or < s^- <C c^- (ij = 14 , 25 , 36). 
Then, we get the case of nearly degenerate spectrum of mi , m 2 , m 3 : mi ~ m 2 — m 3 ~ m, 
but with hierarchical mass-squared differences Am^ <C Am^ ~ Am^, where 



Am 2 x = 2m 2 (t 2 5 - t 2 4 ) = 3.01 /i 2 , 
Am 2 2 = 2m 2 (4 - 4) = 850 /i 2 , 

Am 2 x = 2m 2 (4 - t 2 4 ) = 853 /i 2 (19) 

due to Eqs. (9) and (16). 

Notice that the option m /i, opposite to our conjecture /i <C m, leads to i^- ^> 1 
or < Cij <C Sij (ij = 14,25,36). Then, we obtain the case of hierarchical spectrum of 
mi , m 2 , m 3 : m x <C m 2 <C m 3 with mass-squared differences Am^ <C Am| 2 — Am 2 1? 
where 
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(19') 



5 



due to Eqs. (9) and (16). In this case, the component of the neutrino mass matrix 

dominates over (as /x over m ) that dominates in turn over (as /x over m ) : 

this is the situation, where the familiar seesaw mechanism can formally work in spite of 
the fact that entries of are very small, in particular due to m 4 = m 5 = m§ = (not 
as in the popular seesaw, where they are as large as the GUT scale). With the Super- 
Kamiokande result Am^ ~ 3 x 10~ 3 eV 2 we get in this option Am^ ~ 3.7 x eV 2 
and /x 4 /m 2 ~ 1.6 x 1(T 8 eV 2 or /x 2 /m ~ 1.3 x 1(T 4 eV i.e., /x ~ 1.3 x l(T 4 (m //x) eV < 
1.3 x 10~ 4 eV. In contrast, in the case of our conjecture /x <Cm, the component 
dominates over which dominates in turn over and so, we obtain for Am^ and 
/x the much larger values given later on in Eqs. (26) and (24), respectively; also the value 
of Am?, 5 = m 2 , ~m 2 appearing in Eq. (28) is much larger. 

The familiar formulae for probabilities of neutrino oscillations v a — > vp on the energy 
shell, 

P(y a - vp) = \(Me tPL \u a )\ 2 = Sfa-A^ UZjUpU^Ur stf Xji (20) 

j>i 

with 

Xji = 1.27^ , Am% ^m 2 -m 2 ,p % cE-^, (21) 

valid when a possible CP violation can be ignored (then U* ai = U ai ), give in the accepted 
approximation of Am^ -C Am| 2 — Am^ <C m 2 that 





^e)sol 


1 - c 2 5 sin 2 (a; 2 i) so i - - (1 + c 2 25 )s 2 25 , 
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~* ^/i)atm 


1 - \{ l + 4;) C 36 Sm 2 (x 3 2)atm ~ ^(1 + 4 5 


+ 2c 36 )(s 2 5 + 2s 36 ) , 


%- 


■* ^LSND = 


is25 sin2 ( a; 25)LSND , 




P(Pe- 


■* ^e)chooz = 


1 - (1 + C2 5 )s 2 5 sin2 (^25)chooz 


(22) 



for solar z/ e 's, atmospheric z/ M 's, LSND accelerator z/^'s (P M 's) and Chooz reactor P e 's, 
respectively. The first two Eqs. (22) differ from the familiar two-flavor oscillation formulae 
(used often in analyses of neutrino oscillations) by some additive terms that, fortunately, 
are small enough because of sjj <C cfj consistent with /x 2 <Cm 2 . 
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From the second formula (22) decribing atmospheric z/^'s we infer due to the Su- 
perKamiokande result [6] that 

^(1 + 4)4 = sin 2 29 atm ~ 1 , Am 2 2 = Am 2 tm ~ 3 x 10" 3 eV , (23) 

what gives 

/i 2 ~ 3.5 x eV 2 or fi ~ 1.9 x 10" 3 eV , (24) 

when Eq. (19) is used. The nearly maximal atmospheric oscillation amplitude sin 2 26> atm ~ 
1 implies c\ h ~ 1 and c| 6 ~ 1, which is consistent with /j 2 Cm 2 . For an illustration, taking 
sin 2 29 atm ~ 0.85, we get from Eqs. (17) (/i/m) 2 £ 4.1 x 1(T 4 and so, m 2 ~ 8.3 x 1(T 3 eV 2 
or m ~ 9.3 x 10" 2 eV due to Eq. (24). Thus, sin 2 20 atm should be much larger than 0.85 
in order to have m 2 > Am 2 2 ~ 3 x 10~ 3 eV 2 . If e.g. m ~ 1 eV, then sin 2 20 atm ~ 0.998. 
Making use of the estimate (24) in Eqs. (18) we obtain 

mi^m,m 2 ~m+5.3x 10~ 6 ,m 3 ~m+1.5x 10~ 3 . (25) 

m m 

The first formula (22) referring to solar z/ e 's predicts with the use of Eqs. (19) and 
(24) that 

sin 2 2# sol = c 2 5 ~ 1 , Am s 2 ol = Am 2 21 ~ 3.01^ 2 ~ 1.1 x 10~ 5 eV 2 . (26) 

Such a prediction for solar z/ e 's is not inconsistent with the Large Mixing Angle (LMA) 
solution [7], though the solar oscillation amplitude in this solution seems to be a bit 
smaller than the SuperKamiokande atmospheric oscillation amplitude (in contrast to the 
inequality c 2 ^ > 1(1 + 4)4) where c\ h > c| 6 due to Eqs. (17); however the small additive 
terms ^(1 + c| 5 )s| 5 < |(1 + 4 + 2c 2 6 )(s2 5 + 2s 2 6 ) may compensate effectively such an 
inequality) . 

From the third formula (22) we can see that in our texture there is predicted a very 
small version of the original LSND effect for accelerator z/^'s (P^'s) [8] with the oscillation 
amplitude 
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1 , 1.13(u/m) 4 „ /eV\ , , 

sin 2 2# LSN d = -4 = 1A x 10 — ' ( 2? ) 

[1 + 1.50(/Vm) 2 ] 2 Vm 



where Eqs. (17) and (24) are used (with jj? <C m 2 ). The mass-squared scale for such a 
version of the LSND effect is equal to 



Am£ SND = Am 2 5 = m\ = m 2 + 3.01/x 2 ~ m 2 + 1.1 x 1(T 5 eV 2 , (28) 

where Eq. (19) is applied. Note that Am 2 SND differs by the term m 2 from the solar 
mass-squared scale Am 2 ol given in Eq. (26). If e.g. rh = O(10 -1 eV) — 0(1 eV) (still 
with /z 2 < m 2 ), then sin 2 2# LSN d = O(10- 7 ) - O(10- n ) and A m 2 SND = O(10~ 2 eV 2 ) - 
0(1 eV 2 ). 

The fourth formula (22) describes the Chooz experiment for reactor z/ e 's. Due to its 
negative result, P{p e —> ^ e )chooz ~ 1, there appears the experimental constraint for s| 5 
[9]: 



(1 + c 2 5 )s 2 5 = sin 2 26 Chooz £ 0.1 if Am 2 5 = Am 2 hooz £ 0.1 eV 2 . (29) 
This implies for the LSND effect (in our texture) the Chooz upper bound 

sin 2 2# LS nd = ^25 ~ 1-3 x 10- 3 (30) 

if Am 2 ^ ^> Am| 2 ~ 3 x 10~ 3 eV 2 , what is consistent with Am 2 5 ~ 0.1 eV 2 and gives 
(a; 2 5)choo Z > (2:32)011002 - (a:32)atm = 0(1) as (xji)chooz - (xji) atm numerically. Then, 

sin 2 (x 25 ) chooz ^ ^ (31) 

in the fourth formula (22). When combined with Eq. (27), the Chooz bound (30) leads 
to the lower limit for m: 

m~ 1.0 x 10~ 2 eV . (32) 

This gives in turn the lower limits 

a ™lsnd = Am 2 5 ~ 1-1 X !0" 4 eV 2 (33) 
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and 



sin 2 29 sol = c 2 5 £ 0.95 , sin 2 2fl atm ee - (1 + c 2 5 )c 2 6 £ 0.061 (34) 

due to Eqs. (17) and (28), respectively. Evidently, this lower limit for sin 2 2# atm is not 
reached experimentally. If e.g. m ~ 1 eV corresponding to sin 2 2# atm ~ 0.998, then 
sin 2 26» LSND ~ 1.4 x 10~ n , Atol SND ~ 1 eV 2 and sin 2 20 so i ~ 1. 

The effective weighted sum of Majorana neutrino masses contributing to the neutrino- 
less double (3 decay (m e ) = \ Y,i U^m^ is in our texture equal to m. Thus, the experimen- 
tal upper limit for (m e ) gives m = (m e ) < 0.4(0.2) eV - 1 (0.6) eV (cf. Baudis 99B in Ref. 
[5]). If e.g. m ~ 0.2 eV corresponding to sin 2 29 atm ~ 0.96, then sin 2 26 i L snd ~ 8.8 x 10~ 9 , 
Am£ SND ~ 4.0 x 10~ 2 eV 2 and sin 2 26 sol ~ I. 

Very recently, a possible positive evidence of the neutrinoless double (3 decay has been 
reported for the first time [10]. The proposed extimation is 0.05 eV < (m e ) < 0.84 eV 
with the best fit (m e ) ~ 0.39 eV. Then, in our texture, for m= (m e ) ~ (0.05-0.39-0.84) 
eV corresponding to sin 2 26 atm ~ 0.63 - 0.99 - 0.998 one obtains sin 2#lsnd ~ 2.2 x 
10~ 6 - 6.0 x 10~ 10 - 2.8 x 10" 11 , Am 2 SND ~ (2.5 x 10~ 3 - 1.5 x 10" 1 - 7.1 x 10" 1 ) eV 2 
and sin 2 2# sol ~ 0.998 — 1 — 1. If this evidence is confirmed, we will be sure that v e is a 
Majorana neutrino and, moreover, we will gain the first experimental estimate of its mass 
scale. In the case such as in our texture, where neutrino masses m\ , m<i , m 3 are nearly 
degenerate, this scale shall be also the mass scale of Majorana neutrinos and v T . The 
case of near degeneracy of mi , m 2 , m 3 is here supported by the considerably large best 
fit of the mass-squared scale, (m e ) 2 ~ (0.39) 2 eV 2 = 0.15 eV 2 , distinctly larger than the 
mass-squared differences Am 2 x Am 2 2 ~ 3 x 10~ 3 eV 2 . 

4. Conclusions 

We presented in this note an effective texture for six Majorana neutrinos, three active 
and three (conventional) sterile, based on the 6x6 mass matrix defined in Eqs. (3) 
and (5), and leading to the mixing matrix given in Eqs. (6) and (7), as well as to the 
mass spectrum (9) or (10). We conjectured that the Dirac 3x3 component of such a 
neutrino mass matrix (when the bimaximal mixing, specific for neutrinos, is transformed 
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out unitarily) gets a fermion universal form (15) similar to the 3x3 mass matrix for 
charged leptons and 3x3 mass matrices for up and down quarks, constructed previously 
with a considerable success [2,3]. 

This texture predicts reasonably oscillations of solar z/ e 's in a form not inconsistent 
with LMA solar solution, if the SuperKamiokande value of the mass-squared scale for 
atmospheric z/^'s is taken as an input. In both cases, neutrino oscillations are practi- 
cally maximal. The proposed texture also predicts very small, perhaps unobservable, 
LSND effect with the oscillation amplitude of the order O[10 -11 (eV/m) 4 ] and the mass- 

2 

squared scale of the order 0(m ) + 0(l(T 5 eV 2 ). If e.g. m = O(10^ eV) - O(leV) 
corresponding to sin 2 2# atm = 0(0.9) - 0(1), then sin 2 2# LSND = O(10~ 7 ) - O(10~ n ), 
Am^ SND = O(10- 2 eV 2 ) - 0(1 eV 2 ) and sin 2 26 sol = 0(1). 

The negative result of Chooz experiment imposes on the oscillation amplitude of LSND 
effect (in our texture) an upper bound of the order O(10~ 3 ) which corresponds for m to 
a lower limit of the order O(10~ 2 eV) and for Aitil SND to a lower limit of the order 
O(10~ 4 eV 2 ). Notice that the estimations following from the original LSND experiment 
[8] are e.g. sin 2 2# LSN d = O(10~ 2 ) and Am^ SND = 0(1 eV 2 ). The new miniBooNE 
experiment may confirm or revise the original LSND results. 

As far as the neutrino mass spectrum is concerned, our model of neutrino texture is 
of 3 + 3 type, in contrast to the models of 3 + 1 or 2 + 2 types [11] discussed in the case 
when, beside three active neutrinos v e , , v T , there is one extra sterile neutrino v s . In 
those models, three Majorana conventional sterile neutrinos v es , , v Ts are decoupled 
through the familiar seesaw mechanism, as being practically identical with three very 
heavy neutrino mass states z/ 4 , v 5 , z/ 6 (of the GUT mass scale). In our model, on the 
contrary, v es , , v Ts are practically identical with three mass states z/ 4 , u 5 , z/ 6 that this 
time are constructed to be massless. 

In this paper, the most crucial may be the pertinent question, what is the physical 
(Higgs?) origin of the Dirac component M^ D \ Eq. (5), of the neutrino mass matrix 
M, where its bimaximal-mixing-free unitary transform M^, Eq. (13), is conjectured to 
be of the fermion universal form (15) (with a//i negligible in the case of neutrinos). A 
somewhat different question arises also about the physical (explicit or effective?) origin 
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of the lefthanded and righthanded components and M^ R \ Eqs. (5), of M. 

The reader can find three Appendices added at the end of this paper. In Appendix 
A, an alternative, effective 6x6 neutrino texture is sketched, where due to a specific 
degeneracy of the mass matrix there are no oscillations of the (conventional) sterile neu- 
trinos, and, therefore, no LSND effect can arise. Appendix B contains a proposal of the 
explanation, why in nature there are three and only three generations of leptons and 
quarks, and also an argument for the particular form of the Dirac-type 3x3 mass matrix 
used in this paper for neutrinos (and in Refs. [2] and [3] for charged leptons and quarks, 
respectively). Finally, Appendix C deals briefly with the problem of new boson hierarchy, 
appearing as an unavoidable by-product of explaining the observed fermion hierarchy in 
the way presented in Appendix B. 
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Appendix A: 

An alternative 6x6 texture without the LSND effect 



In this Appendix, we report on another effective texture for three active and three 
(conventional) sterile neutrinos, where there are no oscillations of the latter neutrinos due 
to a specific degeneracy of the mass matrix. Thus, they are decoupled from the former 
neutrinos, evidently in a different way than through the familiar seesaw mechanism. 

In such a texture, the 3x3 components of the neutrino 6x6 mass matrix (3) get the 
form 



= m 



( 1 \ 
1 

\o o ij 



V 



tan 2#i4 


tan 2025 
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V2 


V2 


tan 2#i4 


tan 2025 


tan 2036 




2 


2 






tan 2(?i4 


tan 2025 


tan 2036 




2 


2 





(A.l) 



with m > being a mass scale and tan 20^ (ij = 14, 25, 36) denoting three dimensionless 
parameters. Its unitary diagonalizing matrix is given as before in Eqs. (6) and (7), but 
now the relations 



4 - S ij = COS 20 ij 



+ tan 2 2% 



(A.2) 



work and the neutrino mass spectrum becomes 



m lj4 = ±_m\J 1 + tan 2 2# 14 , m 2j 5 = ±m\Jl + tan 2 2# 2 5 , m 3: Q = ±rh\J 1 + tan 2 29 36 , 

(A.3) 

satisfying the equalities 



(Ci4 - S? 4 ) m lA = (C25 - S 2 5 ) m 2,5 = (4 6 ~ Sse) m 3,6 = ±^ • (A.4) 

This can be seen by applying the formula M af3 = J^iUaiiniU^ with the use of mass 
spectrum described in Eqs. (A.3) or (A.4). 

For the new texture, the neutrino oscillation formulae (20) lead to the relations 
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P(v„ 



V e )so\ 
) atm 



= 1 - sin 2 (x 2 i)soi 



1 



= 1 - ^sin 2 (a;2i)atm - - 

~ 1 - sin 2 (a;32)atm , 

P{Vn -> Z^LSND = ^ sill 2 (x 2 l)LSND - , 

P{y e ^ ^ e )chooz = 1 - sin 2 (x 2 i)chooz ^ 1 , 



r sin 2 (x 3 i) atm + sin 2 (x 32 ) atm 



(A.5) 



Where ~ (z 2 l) at m < (afrOatm ^ (ZsOatm, (^2l)LSND ^ and (x 2 i) C hooz ^ (^2l)atm ^ 0. 

Note that the formulae (A.5) describe oscillations having the same form as those in the 
case of the simple bimaximal texture of three active neutrinos [12], but now with the 
specific mass spectrum (A. 3). On the other hand, oscillations of three (conventional) 
sterile neutrinos vanish in the new texture, P{y a — > vp a ) = and P{y a3 — > vp s ) = 
$i3 s a s (cx , (3 — e , fj, , r), in consequence of the degeneracy Am^ = Am 2 2 = Awig 3 = 
following from the equalities m 1 = — m 4 , m 2 = —m 5 , m 3 = — m e . 

The oscillation formulae (A.5) imply bimaximal mixing for solar z/ e 's and atmospheric 
z/^'s, negative result for Chooz reactor z/ e 's and no LSND effect for accelerator v^s (P M 's). 

In the case of the conjecture (15) with M ( -' D - ) = U^M^ D \ the new texture gives 



mtan26* 14 = — e — > , mtan20 25 = — - = 1.23u , mtan26 l 3 6 = — — = 20. 7u 
29 29 9 P 29 25 P 

(A.6) 

and then, from Eq. (A. 3) 



m M = ±m , m 2i5 = ±J m 2 + 1.50/z 2 , m 3i6 = ±v/m 2 + 427/i 2 . (A.7) 



Hence, 



Am 2 x = 1.50 /i 2 , Am 2 2 = 425 /i 2 , Am 2 31 = 427/i 2 . (A.8) 

Thus, using the SuperKamiokande result Am 2 2 ~ 3 x 10~ 3 eV 2 for atmospheric v^s 
described by the second formula (A.5), we obtain from Eq. (A.8) 
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fi 2 ~ 7.1 x 10~ 6 eV 2 or /i ~ 2.7 x 1(T 3 eV 
in place of the estimate (24). Then, from Eq. (A. 8) we predict 



(A.9) 



Am 2 21 ~ 1.1 x 1(T 5 eV 2 (A.10) 

for solar z/ e 's presented in the first formula (A. 5). So, the solar mass-squared scale Am| x 
turns out to be the same as estimated before in Eq. (26), being not inconsistent with the 
LMA solar solution. 



Appendix B: 
Foundations for the fermion hierarchy 



The form of Dirac mass matrix 



# = - 
29 



/ nWeW 2aW \ 

2a^ 4^(80 + e( /} )/9 8>/3a (/) , (B.l) 

V 8>/3a (/) 24/i^(624 + e^)/25 / 

explored previously for charged leptons (/ = e) [2] as well as for up and down quarks 

(f — u , d) [3] with a considerable success, is applied in the present paper [Eq. (15)] 

to neutrinos (/ = is), namely to the bimaximal-mixing-free unitary transform M ^ of 

Dirac component of their 6x6 mass matrix M (cf. also Ref. [4]). In this case, — > 

and aM/jU^ is negligible. In consequence, Am s 2 ol = Am^i is predicted just a little bit 

below the range suggested by the LMA solar solution, if the SuperKamiokande result for 

Am 2 tm = Am§ 2 is used. Notice that in the quark case (/ = u , d) the parameter must 

be replaced in the matrix element M$P by + where > is large. 

In this Appendix, we argue, first of all, for there being three and only three generations 

of leptons and quarks, and then, for the particular form (B.l) of the Dirac-type mass 

matrix. This argumentation is based on two assumptions: 

(i) the conjecture that all kinds of matter's fundamental particles existing in nature can 
be deduced from Dirac square-root procedure y/p 1 — > T -p, but constrained by an intrinsic 
Pauli principle, and 



14 



(ii) a simple specific ansatz for the shape of Dirac mass matrix, formulated on the ground 
of the first assumption. 

The conjecture (i) turns out to be sufficient to explain the puzzling existence of three and 
only three generations of leptons and quarks. Then, the ansatz (ii) reproduces the specific 
form (B.l) of the Dirac mass matrix. At the end of this Appendix, we speculate on the 
physical origin of the ansatz (ii). 

It is not difficult to see that, in the interaction-free case, Dirac's square-root procedure 
implies generically the sequence N — 1, 2, 3, . . . of generalized Dirac equations [13,2]: 

(v^-p-M^)^ N \x)=0, (B.2) 
where for any N the Dirac algebra 

{rf),rf)} = 2^ (B.3) 

holds, constructed by means of a Clifford algebra: 

rr =^e 7^ , , w } = 2<w (b.4) 

with i , j = 1, 2, . . . , N and fj, , v — 0, 1, 2, 3. The mass M^> is independent of In 
general, the mass M^ N "> should be replaced by a mass matrix of elements M^ N,N "> which 
would couple ip( N \x) with all appropriate ^ N '\x), and it might be natural to assume for 
N ^ N' that 7^ and 7^ ^ commute, and so do and Tl N '\ 

For N — 1, Eq. (B.2) is evidently the usual Dirac equation and for iV = 2 it is known 
as the Dirac form [14] of Kahler equation [15], while for iV > 3 Eqs. (B.2) give us new 
Dirac-type equations [13,2]. They describe some spin-halfinteger or spin-integer particles 
for N odd or N even, respectively. 

The Dirac-type matrices rj^ for any N can be embedded into the new Clifford algebra 

{Cr^} = 2^, (B.5) 

isomorphic with the Clifford algebra of 7^ , if are defined by the properly normalized 
Jacobi linear combinations of 7^ : 
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1 in 



1 ijj, 



r (N) 



TV 



^ ' 7i/j 



,{N) 



y/Ki - 1) 



[7gr ) +...+7ff,-«-i)7i 



(B.6) 



for i = 1 and i = 2, . . . , N , respectively. So, and , . . . , r^j, respectively, present 



,(iV) 



the "centre-of-mass" and "relative" Dirac-type matrices. Note that the Dirac-type equa 
tion (B.2) for any N does not involve the "relative" Dirac-type matrices r^P , 



including solely the "centre-of-mass" Dirac-type matrix = r^'. Since T\'^ = 

Ojj7^, where O = (Oy) is an orthogonal N x N matrix (0 T = O" 1 ), we ob- 
tain for the total spin tensor the equality 



,(TV) 



£4 

i=i 



(TV) 



/ y ^tUi/ / y ^ILLU 1 

1 = 1 



where 



JiV) 



r (N) UN) 



(B.7) 



(B.8) 



The total spin tensor (B.7) is the generator of Lorentz transformations for ip( N \x). 
In place of the chiral representations for individual 7^ = (7^), where 



AN) = • (N) (N) (TV) (TV) (AT) (TV) 

7j5 — ? 7j0 7jl 7j2 7j3 5 ^3 —^'12 



(B.9) 



are diagonal, it is convenient to use for any N the chiral representations of Jacobi 1^ 
(r^P), where now 



(AO 



AN) _ (TV) (TV) (TV) (/V) 
1 j5 — " jO 1 ./I 1 j2 1 j3 



V (TV) _ T (N) 
^33 = ^jl2 



(B.10) 



are diagonal (all matrices (B.9) and similarly (B.10) commute simultaneously, both with 
equal and different j). 

When using the Jacobi chiral representations, the "centre-of-mass" Dirac-type ma- 



trices r 
forms 



(TV) 



rw and rff) = rf ) 



iFo^r^r^r^ can be taken in the reduced 
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rjf = 7m ® i ® ■ ; • ® i , = 7 5 1 • • • 1 , (B.ll) 

AT— 1 times AT— 1 times 

where 7 M , 75 = «7o7i7273 and 1 are the usual 4x4 Dirac matrices. 

Then, the Dirac-type equation (B.2) for any N can be rewritten in the reduced form 

(7'P-M( ff ») aift e.J^0- (B.12) 

where a\ and ol 2 , ... , ajv are the "centre-of-mass" and "relative" Dirac bispinor indices, 
respectively (ctj = 1, 2, 3, 4 for any i = 1, 2, . . . , N). Note that in the Dirac-type equation 
(B.12) for any N > 1 there appear the "relative" Dirac indices a 2 , ■ ■ ■ , ol^ which are 
free from any coupling, but still are subjects of Lorentz transformations. 

The Standard Model gauge interactions can be introduced to the Dirac-type equations 
(B.12) by means of the minimal substitution p — > p — gA(x), where p plays the role of 
the "centre-of-mass" four-momentum, and so, x — the "centre-of-mass" four-position. 
Then, 

{7 • \p - 9 A(x)} - M(\ ift <2,.. a » = , (B.13) 

where #7 • A(x) symbolizes the Standard Model gauge coupling that involves within A(x) 
the familiar weak-isospin and color matrices as well as the usual Dirac chiral matrix 75. 
The last arises from the "centre-of-mass" Dirac-type chiral matrix T§ N \ when a generic 
gT {N) ■ A(x) is reduced to #7 • A(x) in Eqs. (B.13) [see Eq. (B.ll)]. 

In Eqs. (B.13) the Standard Model gauge fields interact only with the "centre-of- 
mass" index a\ that, therefore, is distinguished from the physically unobserved "relative" 
indices a 2 , ■ ■ ■ , oln- This was the reason, why some time ago we conjectured that the 
"relative" Dirac bispinor indices a 2 , ■ ■ ■ , oln are all undistinguishable physical objects 
obeying Fermi statistics along with the Pauli principle requiring the full antisymmetry 
of wave function 4>^l 2 ... aN ( x ) with respect to a 2 , . . . , o;^ [13,2]. Hence, due to this 
"intrinsic Pauli principle", only five values of N satisfying the condition iV — 1 < 4 are 
allowed, namely N — 1,3,5 for N odd and iV = 2, 4 for N even. Then, from the postulate 
of relativity and the probabilistic interpretation of^ N \x) = (^^l 2 ,,, aN (x)) we were able 
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to infer that these N odd and N even correspond to states with total spin 1/2 and total 
spin 0, respectively [13,2]. 

Thus, the Dirac-type equation (B.13), jointly with the intrinsic Pauli principle, if 
considered on a fundamental level, justifies the existence in nature of three and only three 
generations of spin- 1/2 fundamental fermions coupled to the Standard Model gauge bosons 
(they are identified with leptons and quarks). In addition, there should exist two and only 
two generations of spin-0 fundamental bosons also coupled to the Standard Model gauge 
bosons (they are not identified yet). 

The wave functions or fields of spin-1/2 fundamental fermions (leptons and quarks) of 
three generations N — 1,3,5 can be presented in terms of 4>^l 2 ,.. aN (x) as follows: 



1>£H*) = ^(C?-S)^C« a «.(^)=^£ ) i2(^)=A(a:), 

tf'W = ^aiasa^lpSaiasatasix) = V^W^) , (B.14) 

where tp^a 2 ... aN (x) carries also the Standard Model (composite) label, suppressed in our 
notation, and C denotes the usual 4x4 charge-conjugation matrix. Here, writing ex- 
plicitly, /i = v e , e~ , u , d , / 3 = , [T , c , s and f 5 = v T , r~ , t , b, thus each f N 
corresponds to the same suppressed Standard Model (composite) label. We can see that, 
due to the full antisymmetry in CKj indices for i > 2, the wave functions or fields N — 1,3 
and 5 appear (up to the sign) with the multiplicities 1, 4 and 24, respectively. Thus, for 
them, there is defined the weighting matrix 

/ 1 \ 
p 1/2 = -t= V5 , (B.15) 
V ^ y V o V2i J 

where Tr p = 1. 

Concluding the first part of this Appendix, we would like to point out that our algebraic 
construction of three and only three generations of leptons and quarks may be interpreted 
either as ingenuously algebraic (much like the famous Dirac's algebraic discovery of spin 
1/2), or as a summit of an iceberg of really composite states of iV spatial partons with 
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spin 1/2 whose Dirac bispinor indices manifest themselves as our Dirac bispinor indices 
cti , a 2 , ... , oln (A = 1,3,5) which thus may be called "algebraic partons", as being 
algebraic building blocks for leptons and quarks. Among all A "algebraic partons" in 
any generation A of leptons and quarks, there are one "centre-of-mass algebraic parton" 
(ai) and A — 1 "relative algebraic partons" (a 2 , • • • , (Xn), the latter undistinguishable 
from each other and so, obeying our intrinsic Pauli principle. 

In the second part of this Appendix we introduce a simple specific ansatz for the shape 
of Dirac mass matrix by putting [13,2] 



M (/) = p i/2/,(/y/2 ) 

where p 1 / 2 is given in Eq. (B.15) and 



(B.16) 



(/) 



A 2 - (1 - e^)N~ 2 \ + a W(a + a*) (B.17) 

with fj,(f) > and > being parameters, while / = v , e , u , d refers to neutrinos, 
charged leptons, up quarks and down quarks, respectively. Here, the matrix 



N 




l + 2n 



(B.18) 



describes the number of all ctj indices with i = 1,2,..., A (all "algebraic partons"), 
appearing in any of three fermion generations A = 1, 3, 5, while 

(B.19) 

play the role of "truncated" annihilation and creation matrices for pairs of "relative" 
indices a^aj with i, j = 2, . . . , A (pairs of "relative algebraic partons"): 





( ° 


1 


\ 




( 





\ 


a = 












1 










V o 





o J 








0/ 



/ 



[a , n] — a , [a) , n] = —a) , n = a) a 



1 
V 2 

where the "truncation" condition a 3 = = a^ 3 is satisfied. 



;b.2o) 



It is not difficult to show that the formulae (B.16) and (B.17) lead explicitly to the 
particular form (B.l) of Dirac-type mass matrix. 
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Finally, a few words about a possible physical origin of the ansatz (B.17). In the 
kernel (B.17) of the Dirac mass matrix (B.16), the first term ji^N 2 may be intuitively 
interpreted as coming from an interaction of all N "algebraic partons" treated on equal 
footing, while the second term —fi^(L—e^)N~ 2 may be considered as being a subtraction 
term caused by the fact that there is one "centre-of-mass algebraic parton" distinguished 
(due to its external coupling to the Standard Model gauge fields) among all N "algebraic 
partons" of which N — l are "relative algebraic partons", undistinguishable from each 
other. This distinguished "algebraic parton" appears, therefore, with the probability 
[A^!/(iV-l)!]" 1 = N^ 1 that, when squared, leads to the additional term ^ f \l - e if) )N~ 2 
[with a coefficient /j,^\l — e^)] which should be subtracted in the kernel (B.17) from the 
former term in order to obtain the mass matrix element M[P = tending to 

zero if — > 0. Eventually, the third term a^\a + a)) in the kernel (B.17) annihilates 
and creates pairs of "relative algebraic partons" and so, is responsible in a natural way 
for mixing of three fermion generations in the Dirac mass matrix 

Appendix C: 
Problem of new boson hierarchy 

The way of explanation of the observed fermion hierarchy (especially, of the existence 
of three and only three generations of leptons and quarks), as is described in Appendix 
B, suggests also the existence of a new boson hierarchy, consisting of two and only two 
generations of spin-0 fundamental bosons. These boson generations correspond to the 
numbers N = 2,4 of the Dirac bispinor indices a± , a 2 , . . . , a at, among which there are 
one "centre-of-mass" index a.\ and N — l = 1,3 "relative" indices a 2 or a 2 , a 3 , a 4 , 
respectively. Only the "centre-of-mass" index a\ is coupled to the Standard Model gauge 
bosons. 

The wave functions or fields of spin-0 fundamental bosons of two generations N = 2, 4 
can be written down in terms of ip^a 2 ...a N ( x ) as follows: 
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1 r 



i 



^i{x)-^{x) 



V2t 



V2 



1 




6VZ 



010203^4 r« 1 a 2 a3a4 



1 r 



^1234 (x) - 1p ( 2 M X ) + Wl2 (x) ~ ^4312 (x) 



(C.l) 



where the wave function or field 



aia,2~-OiN 



(x) carries the suppressed Standard Model 



(composite) label. In consequence, there are four sorts of fundamental scalars carrying 
the same Standard Model signature as four sorts of fundamental fermions, namely as 
neutrinos (/ = u), charged leptons (f — e), up quarks (/ = u) and down quarks (/ = 
d). These fermions, however, are realized in three generations N = 1,3,5, while the 
fundamental scalars are predicted in two generations N — 2,4. So, one cannot hope 
here for a construction of the full supersymmetry (at most, there might appear a partial 
supersymmetry: two to two). 

Two lepton-like scalar doublets (corresponding, as far as the Standard Model signature 
is concerned, to three lepton doublets) might play the role of two generations of Higgs 
doublets [16]. On the other hand, two quark-like scalar doublets (corresponding to three 
quark doublets) should lead to a lot of new (colorless) hadrons, composed dynamically of 
these colored scalars from two generations and (also colored) quarks from three generations 
[17]. Most of them should be highly unstable, but perhaps not all, allowing then for some 
new observations. 
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